Mechanical and electrical parameter uncertainties cause dynamic and static estimation errors of the rotor speed and position, resulting in performance deterioration of sensorless control systems. This paper applies an extended nonlinear observer to interior permanent magnet synchronous motors (IPMSM) for the simultaneous estimation of the rotor speed and position. Two compensation methods are proposed to improve the observer performance against parameter uncertainties: an on-line rotational inertia adjustment approach that employs the gradient descent algorithm to suppress dynamic estimation errors, and an equivalent flux error compensation approach to eliminate static estimation errors caused by inaccurate electrical parameters. The effectiveness of the proposed control strategy is demonstrated by experimental tests.
I. INTRODUCTION
Due to its high torque density, high efficiency, and wide constant-power operating range, the interior permanent magnet synchronous motor (IPMSM) has been extensively used in industrial areas and vehicle propulsions [1] , [2] . However, the high-performance field-oriented control (FOC) systems of IPMSMs require the rotor position information that is generally measured by a mechanical position sensor, e.g. a resolver or an encoder, which is vulnerable to strong vibrations, high operating temperatures, and high humidity. Therefore, various sensorless control schemes have been proposed to eliminate the need for the mechanical position sensors to enhance the system robustness and reduce the manufacturing and maintenance costs [3] , [4] .
In the medium to high speed range, model-based sensorless methods are often used due to their high-efficiency and simplicity, which include back-EMF estimation-based and observer-based methods. The former is a two-stage sensorless approach, in which, the back-EMF is estimated first, and then the rotor speed and position can be extracted with an arc-tangent or phase-locked-loop (PLL) based on the relationship between the mechanical variables and the back-EMF. In [5] , [6] , the back-EMF is directly calculated from voltage equations. Thus, this method is very simple but sensitive to parameter variations and system noise. In [7] , [8] , a linear state observer is constructed in the estimated synchronous reference frame to estimate the back-EMF by assuming it to be constant in a sampling period. In [9] - [12] , sliding-mode observer (SMO) is employed to estimate the back-EMF in the stator-fixed reference frame. The conventional two-order SMO is very attractive due to its simple algorithm and robustness against rotor flux-linkage uncertainty. However, it suffers from chattering and phase delay problems. In addition, modifications are required to mitigate the chattering of the SMO, such as replacing the signum function with the sigmoid/saturation function or constructing a high-order SMO by taking the current and back-EMF as state variables [11] , [12] .
For observer-based sensorless methods, the voltage equation is considered as a reference model, and an adjustable model is formulated by incorporating the estimated unknown mechanical variables. Current estimation errors between the reference and adjustable models are utilized directly to regulate the estimated position/speed. In [13] , [14] , a full-order extended Kalman filter (EKF), which is an optimal estimator in the least-square sense, is implemented for speed and position estimation with high reliability. However, the EKF requires complex matrices computations and proper initialization for the covariance matrix. Compared with the EKF, the Model Reference Adaptive System (MRAS) is much simpler. It is employed in [15] , [16] for sensorless control, along with motor parameters simultaneously identified based on an EKF or additional MRAS estimators. Since the rotor position is estimated from the integration of the estimated speed without any adjustment scheme, errors might propagate in sequentially connected estimation loops.
In [17] , considering parameter uncertainties, three interconnected adaptive observers are designed to simultaneously estimate the rotor position, speed and load-torque, and the stator resistance and inductance, respectively. The observability of the interconnected observers relies on the input persistence property of each subsystem, and observer gains should be judiciously selected for correct convergence. An alternative strategy for the simultaneous estimation of the rotor speed and position is utilizing a nonlinear observer incorporating the motor mechanical model [18] . The state-linearization method is applied in determining the structure of the observer gain matrix for asymptotic convergence. To improve the observer performance against load variations, an extended nonlinear observer is proposed in [19] to estimate the stator current, rotor position and speed, as well as the disturbance torque. Although the nonlinear observer has been extended to IPMSMs in [20] by directly calculating the position dependent inductance induced by the rotor saliency, the implementation process is rather complicated. Moreover, estimation errors of the speed and position will arise if inaccurate mechanical or electrical parameters are adopted in the nonlinear observer.
In this paper, an extended nonlinear observer is applied to IPMSMs based on the "active flux" concept. Considering that the extended nonlinear observer is sensitive to parameter uncertainties, a rotational inertia adjustment strategy employing the gradient descent algorithm is proposed. Instead of precisely identifying each of the electrical parameters, an equivalent flux error representing the effects of inaccurate parameters is also compensated, which is very simple and advantageous for industrial applications. The rest of this paper is organized as follows. In Section II, an extended nonlinear observer is designed for IPMSMs. In Section III, explicit estimation errors of the speed and position are derived. In addition, an inertia adjustment strategy is proposed to suppress dynamic estimation errors, and an equivalent flux error is defined and compensated to eliminate static estimation errors. Experimental setup and evaluation of the proposed strategy are given in Section IV. Finally, some conclusions are given in Section V.
II. SENSORLESS IPMSM CONTROL BASED ON AN EXTENDED NONLINEAR OBSERVER

A. Extended Nonlinear Observer for IPMSMs
The conventional IPMSM model is not suitable for the application of model-based sensorless methods. Based on the "active flux" concept proposed in [21] , the voltage equation of IPMSMs in thed q frame takes the form of:  is the rotor mechanical speed; and 
where, 
where, e T , L T are electromagnetic torque and load torque, Note that the reconstructed model of IPMSM, based on the "active flux", is equivalent to that of a surface-mounted PMSM in the mathematical sense.
Based on (3), an extended nonlinear observer can be directly applied to IPMSM with the state variables to be stator currents, rotor speed and position, as well as the load torque [19] . Compared with the system sampling frequency, the load torque can be assumed to be constant for a very short time, i.e., L 0 dT dt  . Estimation errors of the stator currents are used to regulate the estimated state variables. The state linearization method is utilized to design the observer gain matrix K by transforming the extended nonlinear observer to the polar coordinate frame and ultimately back to the -  frame. More details on the observer gain matrix derivation can be found in [18] - [19] and the references therein. 
where, variables with "^" denote the estimated values, parameters with "^" denote the nominal values; 
B. Observer Gain Selection
To investigate the dynamic performance of the extended nonlinear observer, the error dynamics of the current estimator around the equilibrium point can be derived by subtracting (4) from (3) under the assumption that accurate motor parameters are adopted. 
Then, the transfer function from the back-EMF estimation error to the current estimation error can be obtained by: 
where,
The linearized transfer functions of the mechanical model regulator around the equilibrium point take the form of: Based on (4) and (7), the speed and position estimators can be represented by two closed-loop tracking control systems, as shown in Fig. 1 . The structure of the extended nonlinear observer belongs to the parallel type, with the speed and position simultaneously regulated by current estimation errors.
According to Fig. 1 , the estimated rotor speed and position in the s-domain can be expressed as:
It can be seen from (8) and (9) 
For completeness, the observer gains selected in this application are given below:
C. Sensorless Control System for IPMSMs 
III. ESTIMATION ERROR AND COMPENSATION STRATEGY
A. Estimation Error Analysis
The q-axis stator inductance varies with the magnetic saturation level, while the stator resistance and the PM flux-linkage depend on the stator and rotor temperatures, respectively. It should be noted that the effect of the inductances on causing position and speed estimation errors is less important than those of the stator resistance and the PM flux-linkage. The q-axis inductance can be measured offline with different q-axis currents [22] , and on-line adjusted against the q-axis current by using a look-up-table (LUT). Therefore, the stator inductances can be assumed to be accurate. Errors between the actual and nominal values of the parameters are defined as:
Considering parameter inaccuracies, the error dynamics of the sensorless control system can be derived by subtracting the extended nonlinear observer (4) from the dynamic model of the IPMSM (3), as:
where: cos (cos 1)
To evaluate the effects of inaccurate parameters, the following approximations are made when the extended nonlinear observer converges to the equilibrium point.
a) The rotor position estimation error is small, which yields e e e sin , cos 1
b) The derivative of the estimated position is equal to the actual rotor speed, which indicates
c) The bandwidth of the current controller is fairly high, and when compared with slowly varying mechanical variables, the stator currents in thed q frame can be assumed to be constant, i.e., 0, 0
Based on the assumptions above, the estimation errors of the speed and position can be calculated from the error dynamics.
where the disturbance torque dis
It can be inferred from (14) inaccurate electrical parameters, while the second is caused by the speed estimation errors, both dynamic and static. Fig. 3 shows a comparison of the estimation errors obtained from the simulation results and the theoretical calculations based on the error equations of (14) and (15) . In Fig. 3(a) , the electrical parameters used in the observer are accurate, while Ĵ is deliberately set to 0.33 J under different acceleration conditions. In Fig. 3(b) , the PM flux-linkage is accurate while the stator resistance is deliberately set to 0.5 s R , 0.75 s R , s R , 1.25 s R , 1.5 s R respectively under full-load conditions. In Fig. 3(c) , the stator resistance is accurate while the PM flux-linkage is deliberately set to 0.9 f  , 0.95
respectively under light-load conditions. Large dynamic and static estimation errors of the speed and position related to inaccurate parameters can be observed from the simulation results shown in Fig. 3 . This is in accordance with the theoretical calculation, and the validity of the derived error equations can be confirmed.
B. On-line Rotational Inertial Adjustment
As discussed in the previous section, dynamic estimation errors of the speed and position will arise during the acceleration and deceleration periods if the system rotational inertia and torque constant are inaccurate. To suppress the dynamic estimation errors, the rotational inertia must be on-line adjusted. The speed estimation error dynamics can be extracted from (13) , and rewritten as:
where the symbolic speed error d  is defined as:
d  reflects the speed dynamic estimation error caused by the acceleration difference between m   and m   . To adjust the rotational inertia by employing the gradient descent algorithm, the following objective function is defined.
As clearly shown, the objective function reaches its minimum only when d  is zero. The gradient of F with respect to J  takes the form of:
This implies that the gradient descent based inertia estimator is stable. Given that m   is unknown in practical sensorless control systems, m   is used instead to adjust the rotational inertia, and a LPF (low pass filter) is supplemented to eliminate the noise in m   , with the cut-off frequency set to 100 Hz. Fig. 4 shows the schematic diagram of the speed estimator with online rotational inertia adjustment. As depicted in Fig. 4 , the inputs of the speed estimator are (14) is still effectively suppressed because J  is adjusted to minimize the objective function F .
C. Equivalent Flux Error Compensation
With the dynamic estimation errors of the speed and position already suppressed by on-line adjusting of the rotational inertia, the static estimation errors caused by inaccurate electrical parameters, still need to be eliminated.
In this study, the equivalent flux error equ  is defined to represent the effects of s R  and  . (15), is in inverse proportion to the back-EMF, its effect is very small in the medium to high speed range and can be safely neglected.
Thus, e   mainly comes from the speed estimation error.
Applying (25) into (15) and neglecting the first component of the position estimation error yields:
As indicated in (25) and (26), the static estimation errors of the speed and position are both proportional to the equivalent flux error. They can be eliminated by compensating equ  in the extended nonlinear observer. The position estimation error dynamics can be extracted from (13) and rewritten as:
  z e n m n m e êˆˆĉ os sin
By substituting (25) into (27), the relationship between the equivalent flux error and the current estimation error under steady-state conditions can be derived as:
As clearly shown in (28), by considering the rotor speed to be constant for a very short time, the equivalent flux error is proportional to the current estimation error of the d-axis, and can be compensated by forcing
to be zero. Thus, an adaptive observer for the equivalent flux error estimation can be designed as: 
IV. EXPERIMENTS AND ANALYSIS
The performance of the proposed sensorless control system is investigated on a testing platform based on a fixed-point DSP-TMS320F28234, as shown in Fig. 5 and Fig. 6 .
The sampling frequency and the PWM frequency are both set to 10 kHz. The DC bus voltage is measured, and the reference voltage *  u is fed to the extended nonlinear observer instead of the actual input voltage of the IPMSM. In addition, the dead time and the digital PWM delay are also compensated. A 2500-line incremental encoder is installed to measure the actual rotor position of the IPMSM. However, this is only done for reference purposes. The load torque imposed on the IPMSM is generated by a permanent magnet synchronous generator (PMSG) with a power resistor as its load. The IPMSM used in the experimental investigation has a skewed stator and an asymmetric air gap to optimize the sinusoidally distributed air-gap flux. Thus, the flux harmonics are negligible and the ideal motor model can be used. The specifications of the IPMSM are given in Table I . Fig. 7 shows the measured q-axis inductance of the prototype IPMSM under different q-axis currents. Fig. 8 shows the speed step response of the sensorless IPMSM control system based on an extended nonlinear observer. The rotor speed steps from 100 rpm to -100 rpm and then back within 50 ms under light-load conditions. The experimental results demonstrate the stable operation of the sensorless control system through zero speed. The estimated speed tracks the actual speed smoothly except for the zero speed points.
The maximum position estimation error during the transient periods is less than 30, whereas the average position estimation error under the steady-state condition converges to zero despite the ripples. Fig. 9 shows the dynamic performance of the sensorless control system against step load disturbances under low speed operation. The speed reference is fixed to 50 rpm (2.5% rated speed), and a 4 N·m (80% rated load) step load is applied and removed at 1.3 s and 4.8 s, respectively. Stable and good dynamic performance can be observed in the experimental results. Note that the load torque imposed on the IPMSM is proportional to the actual speed, and the estimated load torque tracks its actual value well. The speed and position estimation errors are well damped and rapidly converge to zero, with the transient position estimation error below 20. Fig. 10 shows sensorless control results with and without the rotational inertia adjustment in the extended nonlinear observer. The IPMSM steps from 500 rpm to 1000 rpm and back under light-load conditions. The electrical parameters used in the observer are accurate, while Ĵ is deliberately set to 0.33 . As shown in Fig. 10 , large dynamic estimation errors of the speed and position can be observed during the acceleration and deceleration periods. After the J Fig. 9 . Experimental results of dynamic performance against step load disturbance at 50 rpm. Fig. 10 . Experimental results with and without rotational inertia adjustment when inaccurate system rotational inertia is adopted.
rotational inertia adjustment strategy is activated, the estimated rotational inertia J  gradually converges to its actual value, and the dynamic estimation errors are effectively suppressed. Additionally, the experimental results also indicate that a large J K results in a fast convergence rate of J  . However, it may cause remarkable estimation overshoots as depicted in the estimation errors of the speed and position. Fig. 11 shows the sensorless control results both with and without the equivalent flux error compensation against electrical parameter uncertainties accounting for the temperature-rise and magnetic saturation effects. To simulate practical conditions, in Fig. 11(a) , the PM flux-linkage is accurate and the stator resistance is deliberately set to 0.5 with a full-load. Meanwhile, in Fig. 11(b) , the stator resistance is accurate and the PM flux-linkage is deliberately set to 1.1 f  with a light-load. Large static estimation errors of the speed and position can be observed from these results, as shown on the left side of the dashed line in Fig. 11 (a) and (b). After the equivalent flux error is compensated in the observer, the estimated speed and position gradually converge to their actual values in both cases, and the average static estimation errors tend to be zero. Although a large λ K is beneficial for fast convergence, the ripple content of the estimated equivalent flux error is relatively high, especially in the low speed region. In addition, significant oscillations can be found in the estimated speed and position. In Fig. 12(a) , large dynamic and static estimation errors of the speed and position can be observed in both the transient and steady-state periods owing to inaccurate values of system rotational inertia and electrical parameters. In Fig. 12(b) , only the rotational inertia adjustment strategy is activated, and the dynamic estimation errors are effectively suppressed, as shown in parts ①-④. However, the static estimation errors still need to be eliminated. In Fig. 12(c) , only the equivalent flux error is compensated in the extended nonlinear observer, and the static estimation errors are effectively suppressed.
However, dynamic estimation errors still exist during the acceleration and deceleration periods. Moreover, as depicted in parts ② and ④, the performance of the equivalent flux error compensation strategy deteriorates because of the speed estimation error during transient periods. In Fig. 12(d) , the rotational inertia adjustment and the equivalent flux error compensation strategy are implemented in the extended nonlinear observer, and both the dynamic and static estimation errors are effectively suppressed. Fig. 13 shows the steady-state performance of the sensorless control system under the full-load condition when the q-axis inductance is deliberately set 20% larger than its actual value. Accurate values for the system rotational inertia, stator resistance, and PM flux-linkage are adopted in the extended nonlinear observer. In Fig. 13(a) , the equivalent flux error compensation strategy is disabled and considerable estimation errors of the speed and position can be observed. They are caused by the q-axis inductance error. In Fig. 13(b) , the equivalent flux error compensation strategy is activated and the speed estimation error is effectively suppressed. However, a small position estimation error still exists. The experimental results indicate that exact inductance parameters are required for accurate position estimation and high efficiency sensorless control.
V. CONCLUSIONS
This paper proposed a sensorless control scheme for IPMSMs based on a full-order extended nonlinear observer with rotational inertia adjustment and equivalent flux error compensation. By taking parameter inaccuracies into account, explicit estimation errors of the speed and position have been derived, which can be separated into dynamic and static estimation errors. Furthermore, rotational inertia adjustment and equivalent flux error compensation approaches are proposed to improve the observer performance against parameter uncertainties, and the dynamic and static estimation errors of the speed and position have been effectively suppressed. Both experimental and analytical studies demonstrated that the proposed sensorless control strategy for IPMSM, not only has high performance on the estimation of the speed and position in both transient and steady-state periods, but also shows high robustness to parameter uncertainties over wide speed range.
